We generalize the Harnack-Thom Theorem to relate the rank of the Lawson homology groups with Z2-coefficients of a real quasiprojective variety with the rank of its reduced real Lawson homology groups. In the case of zero-cycle group, we recover the classical Harnack-Thom Theorem and generalize the classical version to include real quasiprojective varieties in which Borel-Moore homology is used instead of singular homology.
Introduction
Real algebraic geometry has a very long history and under this name, it has two big branches. One direction of real algebraic geometry is to study complex projective varieties which are invariant under conjugation. Thus some familiar concepts such as two varieties with complementary dimensions in a projective space must meet, projection of a variety is again a variety, are still valid in this content. But there is another possible meaning of the name "real algebraic geometry" which is the study of the real zero loci of real polynomials in real Euclidean spaces or real projective spaces. We call this type of real algebraic variety a "totally real algebraic variety" to distinguish it from the previous one. Life is more complicated in the totally real world. For example the real projective space RP n is an affine variety, two circles in RP 2 may not intersect, the projection of a circle in R 2 to R 1 may not even be an algebraic variety, and an irreducible smooth real variety may not be connected. It is not difficult to see that classical methods from complex algebraic geometry do not quite work here. Even though totally real algebraic geometry does not have good properties from the classical point of view, it has its own problems. For example since totally real algebraic varieties are more flexible, we are able to ask if any smooth manifold is diffeomorphic to some nonsingular totally real algebraic varieties (see [1] ). This is the Nash-Tognoli Theorem and a proof can be found in [2] .
In [5, 6, 8, 12] Friedlander and Lawson constructed Lawson homology and morphic cohomology which serve as an extension of singular homology and singular cohomology respectively for complex projective varieties. In [16] , the author constructed parallel theories for real projective varieties which are called reduced real Lawson homology and reduced real morphic cohomology. They enjoy many nice properties such as the Lawson suspension property, the homotopy invariance property, the bundle projection property, the splitting properties and for each theory there exists a localization long exact sequence. By using FLmoving lemma (see [9] ), it is shown that there is a duality theorem between Lawson homology and morphic cohomology (see [10] ) and a duality theorem between reduced real Lawson homology and reduced real morphic cohomology (see [16] ). Furthermore, this duality is compatible with the Poincaré duality.
The Harnack Theorem says that a nonsingular totally real curve of degree d in RP 2 has at most g(d) + 1 connected components where
. Later on Thom generalized Harnack's result to a statement which says that for a real projective variety X, the total Betti number B(X), B(Rex) and the Euler characteristic χ(X), χ(ReX) in Z 2 -coefficients of X and the real points ReX of X respectively satisfy the following relations(see [4, 11, 17] ):
To strengthen our belief that the Lawson homology and the reduced real Lawson homology are the right extensions of singular homology theories for projective varieties and real projective varieties respectively, we extend the classical Harnack-Thom Theorem to a statement involving the rank of Lawson homology groups with Z 2 -coefficients and the rank of reduced real Lawson homology groups. For 0-cycle group, we recover the Harnack-Thom Theorem and generalize it to include real quasiprojective varieties in which we need to use Borel-Moore homology instead of singular homology.
Review of Lawson homology and reduced real Lawson homology
Let us recall some basic properties of Lawson homology and reduced real Lawson homology (see [5, 12, 16] ). For a projective variety X, denote the set of effective p-cycles of degree d by C p,d (X). By the Chow Theorem (see [15] ), C p,d (X) can be realized as a complex projective variety. With the analytic topology on
These spaces form a filtration:
where Z p (X) is the naive group completion of the monoid
We give Z p (X) the weak topology defined by this filtration. We define the n-th Lawson homology group of p-cycles to be
the (n−2p)-th homotopy group of Z p (X). We define the n-th Lawson homology group with Z 2 -coefficients of p-cycles to be
For the zero-cycle group, by the Dold-Thom Theorem, we have an isomorphism
between the Lawson homology and the singular homology. For a quasiprojective variety U , there exist projective varieties X and Y where Y ⊂ X such that U = X − Y . The Lawson homology group of U is defined to be
It is proved in [13] that this definition is independent of the choice of X and Y . We define the Lawson homology group with Z 2 -coefficients of U to be
For the zero-cycle group, by the Dold-Thom Theorem (see [7] Proposition 1.6), we have an isomorphism
where H BM * denotes the Borel-Moore homology. A real projective variety X ⊂ P n is a complex projective variety which is invariant under the conjugation. Or equivalently, it is a complex projective variety defined by some real polynomials. Let Z p (X) R be the subgroup of pcycles of X which are invariant under the conjugation and let Z p (X) av be the subgroup consisting of cycles of the form c + c where c ∈ Z p (X) and c is the conjugate cycle of c. These two subgroups are endowed with the subspace topology. Define the p-reduced real cycle group to be
It is shown in [16] Proposition 2.3 that Z p (X) av is a closed subgroup of Z p (X) R and in the appendix of [16] that all these cycle groups
av , R p (X) are CW-complexes. We define the n-th reduced real Lawson homology group of p-cycles to be
For zero-cycle group, it is shown in [16] Proposition 2.7 that RL 0 H n (X) = H n (ReX; Z 2 ).
We define the reduced real Lawson homology group of a real quasiprojective variety U = X − Y to be
where X, Y are real projective varieties and Y ⊂ X. It is shown in [16] that this definition is independent of the choice of X, Y . For zero-cycle group, we have
The Splitting Theorem
Let us recall that the real part RP (C) of a cycle C, roughly speaking, is the part consisting of irreducible real subvarieties and the averaged part AP (C) of a cycle C is the part consisting of conjugate pairs of complex cycles. The imaginary part is the part left after cancelling out the real and averaged parts.
We give the precise definition in the following:
which is called the real part of f . Let J = {i ∈ I|V i is not real and V i is also a component of f } and for i ∈ J, let m i be the maximum value of the coefficients of V i and V i . Define the averaged part to be
and the imaginary part to be
It is easy to see that f is a real cycle if and only if IP (f ) = 0 and a real cycle g is an averaged cycle if and only if RP (g) is divisible by 2.
In the following, we will assume that X is a real projective variety.
Proposition 3.2. The following sequence is exact:
0 −→ Zp(X) R 2Zp(X) R i −→ Zp(X) 2Zp(X) 1+c * −→ Zp(X) av 2Zp(X) R −→ 0.
Proof. It is easy to check that
is well defined and injective and (1 + c * )(f + 2Z p (X)) = f +f + 2Z p (X) R is well defined and surjective. 1 + c * sends the image of i to 0, thus the only thing we need to prove is for f +f
is the intersection of the closure of the group formed by irreducible p-real subvarieties with the p-averaged cycle group. Thus ZQ p (X) R is a closed subgroup.
Proof. The free abelian group Z 0 (ReX) generated by real points of X is closed in Z 0 (X), so if c ∈ Q 0 (X), then c ∈ 2Z 0 (X) R (see Proposition 2.7 in [16] ).
The following example was given by Lawson to show that the set of 1-cycles formed by irreducible real subvarieties may not be closed which contrasts to the case of 0-cycles, i.e., ZQ p (X) R may not equal to 2Z p (X) R .
Example 3.5. In P 2 , consider the sequence of irreducible real subvarieties
As ǫ converges to 0, V ǫ converges to the cycle formed by two lines X = iY and X = −iY which is an averaged cycle but not in 2Z p (X) R . Lemma 3.6. Suppose that the sequence {AP (f i )} converges to f where
Then AP is continuous.
Proof. There exist compact sets K i such that
and the topology of Z p (X) R is given by the weak topology induced from this filtration. Thus the filtration
is Hausdorff, by Lemma 2.2 in [16] , A ⊂ K n + ZQ p (X) R for some n. Thus there exists g i ∈ K n such that under the quotient map q, q(g i ) = f i + ZQ p (X) R for all i. K n is compact, thus {g i } has a convergent subsequence. In the following we are going to show that for every convergent subsequence {g ij } of {g i }, the averaged part { AP (q(g ij ))} converges to a same point. This implies that { AP (q(g i ))} converges.
Let {g ij } be a subsequence of {g i } which converges to g. Since g ij +ZQ p (X) R converges to ZQ p (X) R , we have g ∈ ZQ p (X) R . Let {AP (g ijk )} be a subsequence of {AP (g ij )} which converges to a real cycle h. Since {g ijk } is a subsequence of {g ij }, it converges to g, hence
By Lemma 3.6, RP (h) ∈ 2Z p (X) R and since RP (g) ∈ 2Z p (X) R we have
Passing to the quotient, we see that
Then RP is continuous.
Proof. We proceed as the proof above. There exist compact sets K i such that
and the topology of Z p (X) R is given by the weak topology induced from this filtration. The filtration
defines the topology of Zp(X) R Zp(X) av and the filtration
defines the topology of
av } is compact, we have A ⊂ K n +Z p (X) av for some n. Thus there exists g i ∈ K n such that under the quotient map q, q(g i ) = f i + Z p (X) av for all i. Let {g ij } be a subsequence of {g i } which converges to g. Since g ij + Z p (X) av converges to Z p (X) av , this implies that g ∈ Z p (X) av . Let {RP (g ijk )} be a subsequence of {RP (g ij )} which converges to a real cycle h. Since {g ijk } is a subsequence of {g ij }, it converges to g, hence
By Lemma 3.6, RP (g − h) ∈ 2Z p (X) R and since RP (g) ∈ 2Z p (X) R we have RP (h) ∈ 2Z p (X) R . h is a real cycle and thus h ∈ Z p (X) av . Furthermore, {RP (g ijk )} −→ h, by definition, h ∈ Q p (X). Passing to the quotient, we see that
av ) converges to the point ZQ p (X) R , thus RP (g i +Z p (X) av ) −→ ZQ p (X) R and therefore RP is continuous.
Theorem 3.9. (The splitting theorem)
Zp(X) R ZQp(X) R
is isomorphic as a topological group to
av , AP (f ) + ZQ p (X) R ) and define φ :
By two Lemmas above, ψ and φ are continuous and it is easy to check they are inverse of each other.
The Generalized Harnack-Thom Theorem
For a group G, let B(G) be the classifying space of G. From Theorem 2.4.12 in [3] , if N is a normal closed subgroup of M , then there is a fibration B(M ) −→ B(M/N ) with fibre B(N ). Recall that π i (B(G)) ∼ = π i−1 (G) (see Theorem 2.4.11 in [3] ).
Let
In the following Proposition, we use the notation T n to denote the n-th homotopy group of B(T ) where T is any of the groups A, ..., G. We note that all these groups are Z 2 -spaces so their homotopy groups are vector spaces over Z 2 . 
B(C) −→ B(A) −→ B(E)

B(G) −→ B(A) −→ B(D)
B(G) −→ B(C) −→ B(F )
These fibrations induce long exact sequences:
(1) From Proposition 3.2, A is isomorphic to ker(1 + c * ) which is closed and C is isomorphic to B/ker(1 + c * ), so we have the first fibration. (2) and (3) follow from the fact that C and G are normal closed subgroups of A. (4) follows from the fact that G is a normal closed subgroup of C.
Example 4.2. We calculate the homotopy types of the seven groups mentioned above for 1-cycles on P
2 . According to [14] Theorem 3.3,
R is homeomorphic to Z 1 (P 2 ) R and we have a fibration
we can calculate the homotopy groups of A = Z1(P 2 ) R 2Z1(P 2 ) R from the long exact sequence of homotopy groups induced by the fibration and get
, we use the Lawson Suspension Theorem of Z 2 -coefficients (see Corollary 7 in [12] ) to get B = Z0(P 1 ) 2Z0(P 1 ) and then by the Dold-Thom Theorem to obtain the homotopy type of
From the fibration of the first long exact sequence, we find that C = 2) which can also be verified from the second long sequence since we
which can be identified with the space of complex homogeneous polynomials in three variables of degree d modulo constants. The map ϕ :
is a smooth map and the image of ϕ lies in the real points
Consider the subspace
cycles with some averaged components. It is not hard to calculate the dimension and we find that
av * is connected and C 1,2d (P 2 ) av * is nowhere dense. Hence, for each averaged cycle c ∈ C 1,2d (P 2 ) av , we can find a sequence in
av * converges to c. It follows easily then
av . From here it is not difficult to see that similar argument should work for hypersurfaces in P m so we
From the above calculation we have G =
If X is a real quasiprojective variety, we define the real L p -total Betti number to be
Theorem 4.4. Suppose that X is a real projective variety. If B(p)(X) and B(p)(X) R are finite, then
Proof. To simplify the notation, we use the same notation as in Proposition 4.1 but with different meaning. We use M n to denote the rank of the n-th homotopy group of M , Kerg n and Img n the rank of the kernel and the rank of the image of a homomorphism g n respectively.
From the finiteness assumption of B(p)(X) and B(p)(X) R , we know that ∞ n=0 C n and ∞ n=0 E n are finite from the long exact sequence 1 and 2 respectively in Proposition 4.1.
From the first two long exact sequences, we have
2. From the long exact sequence 1, we have A n = Imc n+1 + Ima n = C n+1 − kerc n+1 + B n − Imb n and from the long exact sequence 2, we have A n = Ima
Simplify the equation and take the summation, we get
3. If G is contractible, then π k (G) = 0 for all k. From long exact sequence 3 and 4, we have A n = D n and C n = F n . Since by Theorem 3.9 D n = E n + F n , we have A n = C n + E n for all n. From long exact sequence 1,
Sum for all n, we have 
where X/Z 2 is the orbit space of X under the action of the conjugation. Thus B(0)(X) and B(0)(X) R are finite. Then the result follows from the Theorem above.
Suppose that Y ⊂ X are real projective varieties and U = X − Y is a real quasiprojective variety. Let A, B, ..., G be the cycle groups of X defined as above and let
Then we have two fibrations
B(
and an equation 
Proof. By the Dold-Thom Theorem of Z 2 -coefficients, [16] ) and the Duality Theorem between reduced real morphic cohomology and reduced real Lawson homology(see Theorem 5.14 in [16] ), we get
Thus π 0 (R 1 (P 1 × P 1 )) = Z 2 ⊕ Z 2 , π 1 (R 1 (P 1 × P 1 )) = Z 2 . Rχ 1 (RP 1 × RP 1 ) = 1, β 1 (RP 1 × RP 1 ) = 3. From the Splitting Principle in morphic cohomology (see Theorem 2.10 in [8] ) and the Duality Theorem between morphic cohomology and Lawson homology, we have
.
Example 4.9. Let H be the smooth quadric defined by the equation w 2 + x 2 + y 2 + z 2 = 0 in P 3 . H is complex algebraically isomorphic to P 2 but H is not real algebraically isomorphic to P 2 since H has no real point. Let X be the intersection of H with the quadric defined by w 2 + x 2 = 0 in P 3 . Then X is a union of two pairs of conjugate lines and X has no real point. Therefore all the reduced real Lawson homology groups of X are trivial but B 1 (X) = χ 1 (X) = 4. 2Zp(C n ) = K(Z 2 , 2(n − p)), R p (C n ) = K(Z 2 , n − p). Therefore we have
and then χ p (C n ) = 1, Rχ p (R n ) = (−1) n−p , B(p)(A n ) = β(p)(A n ) = 1.
